Introduction
I am going to discuss here some results in the soliton theory of a Moscow group during the last years. The group of people who worked here include B.A. Dubrovin I.M. Krichever, S.P.Tsarev (and the present author). More details may be found in the survey article [1] . Modern needs in the large new classes of hydrodynamic type systems appear in connection with very interesting asymptotic method-so called "nonlinear analog of WKB-method", method of the slow modulations of parameters or "Whitham method" in the theory of solitons (see for example the book [2] , chapter 4). This method is based on the large family of exact solutions ϕ 0 (x, t; u) periodic or quasiperiodic in x and t, of the form which we call "soliton lattice": (0.1) ϕ 0 (x, t; u) = F (η 0 + U x + V t; u 1 , . . . , u N ).
Here F (η 1 , . . . , η m ; u 1 , . . . , u N ) is the function , which is 2π-periodic in each variable η j and depends on the N parameters u p . All quantities (a j , b k , u p ) are constants and ϕ 0 (x, t; u) satisfies some nonlinear P.D. equation The algebro-geometric solutions (or finite-gap solutions) of KDV discovered in [3] and investigated by many authors present us the analogous families for any m > 1, N = 2m + 1 (see details in [2, 4] ) The analogs of these solutions are known for all systems, integrable by the famous "Inverse scattering transform"(IST): SG (SineGordon), NS (Nonlinear Schrödinger), KP (Kadomtsev-Petviashvili) and others. Consider now the function (0.4) ϕ 0 S(X, T ) ; u(X, T ) .
Here X = x, T = t, S X = U , S T = V . In 1965 Whitham observed (in some cases-m = 1, the system (0.2) is a nondegenerate Lagrangian system or it is exactly the KDV)-that the function (0.4) satisfies equation (0.2J) plus something small ( → 0) if the "slow functions" u p (X, T ) satisfy some "hydrodynamic type" equation:
(0.5) u
1. Differential Geometry and Hydrodynamic Type Poisson Brackets 1.1. Basic definitions. It will be most convenient to explain these ideas starting from the general geometric definitions. Let X = (x 1 , . . . , x n ), n = "dimension of the space" and x 1 = x for n = 1. Let M be some N -dimensional manifold, where N is the "number of components" and u = (u 1 , . . . , u N ) are some local coordinates on M . The "hydrodynamic structure" on M is by definition some collection of tensor fields numerated by the same indices as the X-space coordinates v 
. For (N = 2, n = 1) the Riemann invariants always exist for hyperbolic systems (i.e. all individual matrices v p,α q (u 0 ) are equivalent to diagonal ones). D3: The hydrodynamic quantities are such local functional on the space of fields u(x), whose densities do not depend of the derivatives:
The most important new definition of the paper [14] is the next one. D4: The local homogeneous hydrodynamic type Poisson bracket is defined by the formula:
for some functions g pq,α (u), b pq,α r (u) in the local coordinates (u). The H.T. hamiltonian (1.3) generates the H.T. system (1.1) using the Poisson bracket (1.4). If H = h(x) dx we have
The P.B. operation (1.3) has to be bilinear and skew symmetric; it has to satisfy Leibnitz and Jacobi identities. As a consequence of these requirements our quantities g pq,α (u) should transform as symmetric tensors on M for each α and b So the canonical form of the nondegenerate P.B.H.T. is the generalized GardnerZakharov-Faddeev's δ -bracket for n = 1.
For n > 1 we may kill Christoffell symbols for one value of α = 1 only; after that (as the present author, Dubrovin and Mokhov proved in [20, 21] ) all other "metrics" will be linear (may be nonhomogencous) functions in that variables (u 1 , . . . , u N ), all other b pq,α r will be equal to const for α = 1. Here we should have det g pq,1 = 0. Such structures are invariant under the affine transformations of coordinates u = Aw + u 0 . 
The linear (homogeneous) part of such P.B.H.T. determines some very interesting class of infinite-dimensional Lie algebras ("hydrodynamic algebras"): for two vector-functions f (x) and g(x) with N components f p , g q we may define the commutator in the "local translation-invariant first-order Lie algebra" or hydrodynamic algebra
For n = 1 these algebras were investigated in [22] . The hamiltonian formalism of classical liquid (including the magnetohydrodynamics and superfluid systems ad the references to surveys of Khalatnikov, Dzyaloshinsky and other physicists especially from Landau Institute) in connection with some special Lie algebras was discussed in [23] .
It is useful to introduce new algebra B as a multiplication in the N -space M with basis e 1 , . . . , e
For the functions f (x) = f p (x)e p and g(x) = g q e q we write (1.8) in the form
using the multiplication • in algebra B-see (1.9). In that case (n = 1) our formula (1.8) determines correctly the Lie algebra L B if and only if for any three elements of the algebra B the next identities are true: if
The constant part of P.B. (1.7) g pq,α 0 determines some 2-cocycle on the Lie algebra L B for n = 1
In general, local translational-invariant 2-cocycles of the type τ = 0, 1, 2, 3, on the algebra L B may be defined by the formula
We have τ = 1 in the case (1.10). We may have nontrivial cocycles for (τ = 0, 1, 2, 3) only. The classical Gelfand-Fuchs cocycle for B = R, τ = 3 generates the well-known Virasoro algebra-extension of the algebra of vector fields on the circle L R ). Formula (1.11) determines some cocycles of the type τ = 3 for commutative algebra B if the symmetric form γ pq 0 determines scalar product , on B with the next properties (1.12) ab, c = a, cb
If 1 ∈ B and the form is nondegenerate we come to the classical Frobenius algebras. In that case we always have
for some point u 0 . The case τ = 1 is also very important. Symmetric form in that case is such that (1.12) is also true but the algebra B may be noncommutative.
The corresponding cocycle of the type (τ = 1) is cohomologous to zero if (1.13) is true. Interesting examples presents us P.B.H.T. for the classical gas dynamics (for n = 1). We have here N = 3-the densities of momenta, of mass and of entropy are our basic fields. Let f (x) = p(x)e 1 + ρ(x)e 2 + s(x)e 3 , e 1 = e, e 2 = a, e 3 = b. For the multiplication in algebra B we have (we omit the symbol •)
The "metric" g pq (u) here has the rank 2. This P.B.H.T. does not satisfy the nondegeneracy condition det g pq = 0
But there are nontrivial cocycles for τ = 1; g (τ ) (x − y)). The theory of extensions for Lie algebras L B was constructed in [22, 23] . As Zelmanov proved in [24] the algebra B (over C) with N > 1 contains some ideal I ⊂ B such that I 2 = 0. Therefore all our algebras B may be constructed from the factor-algebras A of B by I and the A-modules I using the cocycles of the work [22] . There was some nice example of the algebra B in the paper [25] ; some of their algebraic properties were discussed by S. Gelfand. [1] they appear from the "Nonlinear WKB" for the hydrodynamic of soliton lattices. For n = 2 any Liouville structure is strong, but for N > 2 it is not so. The P.B. of the classical gas dynamic is strongly Liouville in the coordinates (p, ρ, s). A nice example comes from a relativistic liquid. Its energy-momentum tensor ((t ij ) = T ; i, j = 0, 1) is symmetric and t 00 = ε, t 01 = p, tr T = t 00 − t 11 = q.
The H.T. equations have the form
The eigenvalues of T in the Minkovsky metric are the density of inner energy ε 0 and pressure P . We have q = ε 0 − P . With state equation F (ε 0 , P ) = 0 we obtain the complete system. The P.B.H.T. for it is such that H = t 00 dx and
There is discussion in [1] about some interesting generalizations of P.B.H.T.: higher order analogs, nonhomogeneous brackets, discrete analog (which leads to the linearized Yang-Baxter equations with very interesting additional structure).
Weakly Deformed Soliton Lattices and Their Hamiltonian Hydrodynamics
Suppose the original system (0.2) is hamiltonian corresponding to some local field-theoretical P.B. { , } 0 and hamiltonian H H = h(ϕ, ϕ x , . . . ) dx, (2.1)
Consider any family of the "soliton lattices" (0.1) which is nondegenerate
It means that the first m parameters may be k p and N m. Suppose also that there are at least N independent local commuting integrals (2.5)
For the densities we have some finite sum (2.6)
From the commutativity (2.5) we deduce that A pq 0 = 0 for any field ϕ. It mean that
Let us introduce the physical coordinates u, metric and Christoffel symbols by the formulas:
Here we have
and F is from (0.1) Our theorem states that that the metric (2.9) has zero curvature and the corresponding P.B.H.T. in physical coordinates (2.8) has the strongly Liouville form (2.10). The averaged H.T. equation is the hamiltonian H.T. system in the bracket (2.8)-(2.10). Its hamiltonian is H.T. quantity whose density exactly coincides with the averaged density of energy (2.11)
All averaged densitiesP q = u q determine the H.T. conservative quantities
The averaged P.B.H.T. of them are equal to zero. This procedure may be considered as an alternative definition of the averaged system. Our works were dedicated to the studying of that procedure. Some other people investigated this question-in which cases this equations lead to the nonlinear WKB-type approximation (see for example [11] )? Our goal was to investigate the formal properties of the resulting H.T. systems (including their hamiltonian formalism, exact integrability and also the boundary conditions for them natural in the physical problems).
The special case of nondegenerate Lagrangian system was investigated by Whitham in 1965 for m = 1. The formal properties for any m > 1 are the same here. In that case we don't need the local integrals as above. For example it is important for some nonintegrable systems like the perturbed NS
Here m = 2, N = 4; but we have generically here only three conservative quantities. In the integrable case we have more, of course.
The Lagrangian averaging leads to the H.T. systems in the form (2.12): (2.12)
,
.
Here we have j = 1, . . . , m, N = 2m, (u) = (v, w). In that case the metric has a constant form (2.13)
Its signature is (m, m). In the variables (v, y), y = w dx the system (2.12) will be Lagrangian. This form exactly corresponds to the classical "Clebsch variables" in hydrodynamics. A lot of people considered the hamiltonian formalism of H.T. systems in the form (2.12) only (see for example [26] ).
It is natural to suppose that for the hamiltonian system (0.1) the subspace (0.1) presents some finite-dimensional system, integrable in the strict sense of Liouville or some family of such systems depending from N − 2m parameters. Suppose J 1 , . . . , J m are the action variables. In [14] we formulated a theorem that the quantities
have the averaged P.B. of the form (2.13). This observation for m = 1 was made in the work of Hayes [9] . Up to now this theorem was proven for the integrable systems only. Motivated by the last applications of the action variables the present author, Veselov and Dubrovin investigated them and constructed a theory of "algebrogeometric" finite dimensional P.B. for the systems, integrable by the method of Riemann surfaces (see [27, 28] ; these ideas were initiated in some calculations of the papers [29, 30] ).
Integrability of the Hamiltomian H.T. Systems
3.1. Riemann Invariants for the Hamiltonian H.T. systems. Integrability and Differential Geometry. The Riemann invariants are known for some classical systems of gas dynamics more than 100 years. Their existence for N > 2 is the true sign for some degeneracy in the system. For (N = 2, n = 1) they always exist. The transformation to the inverse functions x(u 1 , u 2 ), t(u 1 , u 2 ) linearizes the H.T. system. This is well-known "hodograph transformation". Is there any generalization of the "hodograph" for N > 2? This problem was solved by Tsarev in his thesis [12] in the process of investigating the diagonal hamiltonian H.T. systems. The conjecture about the integrability of that class was formulated by the present author and posed to Tsarev as a problem.
Tsarev's main theorem states that such systems are integrable in the strict sense of Liouville at least in the class of monotonic functions. He found also a natural analog of the "hodograph" method for the construction of exact solutions.
Let us consider the diagonal hamiltonian H.T. system 4) for n = 1 with nondegenerate metric g pq (u). It is easy to prove that the metric will be also diagonal
in the same coordinates (but not constant).
The classification of the orthogonal coordinates in the euclidean space is the classical problem. E. Cartan proved that they depend on the N (N −1) independent functions of 2 variables.
As Tsarev observed, all diagonal H.T. systems which are hamiltonian in the same P.B.H.T. commute with each other. We have:
All collections of the systems (3.3) depend on N functions of 1 variable. They may be found "in principle" from the equation (3.3) on the level of local differential geometry. The next consequence will be important:
Definition. We shall call the diagonal H.T. system a semihamiltonian (SH) one if (3.4) is valid for its coefficients.
The class of SH systems is larger than the class of the diagonal hamiltonian ones. For (N = 2) all H.T. systems are diagonalizable but the hamiltonian subclass depends on 3 functions only. SH systems have the most important property of the hamiltonian H.T. systems: They are deeply connected with some diagonal metric, determined from the equation (3.3), but may have nonzero curvature if the SH system is really nonhamiltonian).
The integration process works for all SH systems: We have a large collection of commuting SH systems from (3.3). Each system of that class generates some exact solution. Consider the functions u p (x, t) obtained from the equation (3.5):
They satisfy to the original equation (3.1). It gives locally the complete solution of (3.1).
There is also a construction of a large family of conserved quantities for the SH systems. It was known for N = 2 many years. For the hamiltonian systems the commuting flows and the conserved quantities are in a natural one-to-one correspondence. It is unclear now-is there any hamiltonian explanation for the SH class? 3.2. Soliton lattices for the integrable systems. The applications of these methods to any concrete integrable system is nontrivial problem. Consider for example KDV in the form (0.3). Even the simplest case m = 1, N = 3 leads to the highly nontrivial "Whitham system" after averaging. Whitham observed that it admits the Riemann invariants (r j ). Its analytical form is:
On the boundary our family degenerates to a constant solution of KDV for r 2 = r1 and to soliton for r 3 = r 2 . The result about the existence of the Riemann invariants was generalized in 1980 ( [12] ) to the families of finite-gap solutions m 1, N = 2m + 1: they are exactly the branching points of Riemann surfaces Γ and the endpoints of the spectrum of corresponding Schrodinger operator with periodic (quasiperiodic) potential on the line:
The same results are valid for the systems SG and NS. The family of finite -gap solutions has a form for KDV:
Here we have the Riemann surface (3.10)
Here ω j are the 1 st kind differentials and dp, dq are the second kind ones on the Riemann surface Γ normalized as in (3.11): (3.11) aj dp = aj dq = 0, dp = dk + regular, dq = d(k 2 ) + regular,
The multivalued functions p(λ), q(λ) are the "quasi-momentum" and "quasienergy", a k , b k -canonical basis of cycles:
It is well-known that the Kruskal integrals exactly coincide with the asymptotic coefficients (3.13)
2 − ϕ 3 , . . . . As it was observed in [12] , the averaged H.T. system has the nice algebraic form (3.14)
The generalization of the form (3.14) to KP was found by Krichever [17] who was able also to develop a "Nonlinear WKB"-method for KP (this is more difficult because KP is a non-local evolution system). The averaged densitiesP s generate the conserved quantities
Any linear combination of them is also a conserved quantity
So we have a huge family of conserved H.T. quantities after averaging p u p (r 1 , . . . , r 2m+1 ).
Any independent group of (2m + 1) of such quantities determines the "physical coordinates"
such that the H.T.P.B. has a strongly Liouville form. This property gives us some characterization of the averaged P.B. for the integrable KDV-type systems. All quantities v p determine some exact solutions by the Tsarev's procedure (above). We call these solutions "the averaged finite-gap solutions" (AFG).
For the basic quantities u q =P q the AFG-solutions are self-similar as it was observed by Krichever. There is a nice formula: (3.16) v j (r) = dp dq λ=rj .
The AFG-solution generated by the averaged Kruskal integral u q dx using the hamiltonian formalism and (3.5) may be written in the form:
(details see in [1] ). For q = 4, m = 1 computations were done in [31] . We obtain from (3.5) (3.18)
. The system (3.18) is nondegenerate in the domain ∆ = (z − , z + ):
Consider the curve r(x, t) = t 1 2 l(z) determined outside of ∆ by the equation
It will be by definition the C 0 -continuation of the 3-valued curve (r 1 , r 2 , r 3 ) at any moment t equal to constant.
We have the "boundary condition":
So the complete C 0 -curve r(z) is such that
The "dispersive shock wave" r(x, t) = t 1 2 l(z) which was found numerically by Gurevitch and Pitaevsky in 1973 and which we call "GP"-solution belongs to C 1 -class in the points (z − , z + ) and may have singularity in some point z 0 , l 2 (z 0 ) = 0. After proving that in fact the functions (3.18)-(3.20) are C 1 we shall come to the result that our formulas present the "dispersive shock wave" exactly (and there is no singularity in the point r 2 = 0). This important difference in the definition of the functional classes has been missed in [31] as the present author pointed out to Krichever and Potemin. Consider the meromorphic form ds(λ) on the surface Γ such that:
All collection of the "averaged finite-gap" solutions may be obtained from the next equation of Krichever:
(3.21) (X dp + T dq − ds) λ=rp = 0, p = 1, . . . , 2m + 1.
Here we have c 4 = 0, c p = 0 (p = 4) in the GP-case above. More general class of the forms ds with some jumps along the curves on the surface Γ leads to the general solution of the averaged H.T. system of hydrodynamics of soliton lattices for KDV.
3.3. Time evolution of the multivalued functions. Numerical investigations. Hydrodynamics of soliton lattices based on the Whitham type equations cannot be realized on the ordinary spaces of one-valued functions in the physically interesting cases. We should define the time evolution for the multivalued functions. (The same conclusion may be deduced from the results of Lax, Levermore and Venakides [32, 33] .) We constructed in the works [18, 19] the class of special 1-and 3-valued functions for the investigation of stability of the "dispersive shock wave" which should be realized also as the asymptotics t → ∞. Consider now 2 classes of multivalued functions r(x), one-valued for |x| → ∞:
, |x| → ∞. We suppose that there is one and only one finite interval ∆ for each function r(x) such that it is one-valued outside ∆ and 3-valued inside ∆ = [x − , x + ]. The branches r p of r should be such that (3.22) r 1 < r 2 < r 3 (inside ∆), r 1 (x − ) = r 2 (x − ) = r − < r 3 , r 2 (x + ) = r 3 (x + ) = r + > r 1 .
The graph of the curve r(x) should be C 1 Time evolution was realized numerically [18] for the functional classes above. Our conclusion is that for the C 1 -small perturbations of the GP-solutions (in the both classes 1 and 2) the time dynamics is correctly defined for all t > t 0 and has self-similar GP-asymptotics for t → ∞. For the class 1 this result may be rigorously deduced from the IST-method for KDV (see [34] ). For the important class 2 connected with the "dispersive shock wave" it is probably impossible now.
The influence of small viscosity in the same classes was investigated in [19] . More details and discussion may be found in the survey [1] .
(and L should have very special asymptotic for |x| → ∞; if L = −∂ 2 + u we have here exactly the KDV hierarchy and u ∼ x 1 l+1 . For l = 1 the equation (A.2) coincides with the classical "Painleve-1" equation it never was written before in the form (A.2) ). For l = 2 its asymptotic for the large x is exactly like in the case of the "dispersive shock wave" (see the last part 3.3 of the paragraph 3). The asymptotic behavior of solution for t → ∞ is written in (3.18)-(3.20) .
The present author and Krichever developed recently useful asymptotic methods (nonlinear WKB and linear WKB, using Riemann surfaces and Lax-type pairs) for the studying the equation (A.2) , written in the form:
(see [36, 37] ).
Very recently the present author investigated the equation (A.3) and found very interesting formula for the physically important "string solution". In the simplest nontrivial case (order of A equal 3, order of L equal 2, where the equation (A.3) is exactly the Painleve-1) the potential u(x) has the form: (A.29) u = 2℘ ω 2 ||g 2 , g 2 , 2g 3 = εu, g 2 = −εx, x → −∞.
